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Decentralized Control of Satellite Clusters
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Two decentralized control algorithms, each employing a unique information exchange scheme, are considered.
One of these algorithms employs a communication paradigm in which control and local state estimate information
is exchanged between members of a formation after any one of the members executes a control. The other algorithm
requires only that control information be exchanged between members; this is thought to be the least information
exchange that can sustain an affine control law. The performance of these algorithms when applied to a satellite
formation control problem is evaluated. To this end, the algorithms are applied in the context of a nonlinear
satellite cluster simulation, where Earth oblateness effects and measurement uncertainties are taken into account.
The cluster is required to achieve a specified formation at a defined point on an elliptic reference orbit. Simulation
results are obtained for several different orbits and compared to a baseline case involving a centralized controller

design.

I. Introduction

URRENTLY, there is much interest in the deployment of satel-

lite formations to carry out activities such as Earth imaging, as-
tronomical observations, and other scientific and military endeavors
(Chichka,! Hughes and Hall,? Alfriend and Schaub,® Kang et al.,*
among many others). The use of a group of small satellites to ac-
complish certain space missions will likely be less expensive than
one large, complex satellite. Moreover, the satellite cluster concept
minimizes risk in that the performance of the cluster may degrade
gracefully in the presence of a satellite failure.

This study deals with the communication requirements neces-
sary to enable cooperation between independent cluster members.
In practice, communication between members of a satellite forma-
tion may be limited for various reasons. Various forms of interfer-
ence, such as solar radiation or radio frequency interference from a
satellite’s thrusters, may cause errors in communication or prevent
it altogether. Communication between satellites may also be de-
layed if channels normally used for such communication are being
used for other purposes, such as exchange of command or scientific
data with a ground station. Also, communication may be delayed
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if the data to be transmitted are temporarily unavailable. For exam-
ple, if a satellite is thrusting, it may not be able to acquire reliable
measurement data.

The challenge posed by controlling a satellite cluster in the pres-
ence of such communication constraints has motivated a study of
decentralized control in the context of limited information exchange.
The nature of this problem is characterized by the participation of
multiple players, each acting on its own information set and mak-
ing independent decisions, but working to fulfill a shared perfor-
mance objective. The solution approach for this problem is based
on the team theory concept of Radner, Marshak,® and Marshak
and Radner.” Specifically, Radner’ shows that, for static team prob-
lems involving Gaussian probabilities, the unique Bayes team de-
cision function is linear. Ho and Chu® have extended Radner’s
static team result to linear dynamic systems. Sandell and Athans®
have combined the static team solution and a dynamic program-
ming scheme to obtain an explicit solution for the linear-quadratic-
Gaussian (LQG) stochastic control dynamic team problem with one-
step-delayed information sharing pattern. This information pattern
assumes that players communicate their measurements to each other
with a one-step delay. Control actions are performed at every time
step. Fan et al.'? determined the counterpart solution for the linear-
exponential-Gaussian dynamic team problem exhibiting the one-
step-delayed information sharing pattern. The results apply for both
convex and nonconvex exponential cost functions.

One contribution of this paper is to extend the dynamic team
solution to the multistep delayed case. The multistep delay is made
possible by defining the state of the system in the static team problem
to include the random variables in all time steps involved in the
delay. This redefined static team problem is then combined with a
dynamic programming scheme to allow application to a dynamic
team problem. This represents a modest variation of that of Ho and
Chu® in that the state of the system is not assumed to be zero mean.
It is also a modest variation of the solution of Sandell and Athans’
in that the static team problem involves a more generalized form of
the cost function.

When the approach described is used, optimal control laws are
described for two communication paradigms, based on assumed
linear dynamics, a quadratic performance criterion in the state and
control, and additive Gaussian noise, that is, the LQG problem.
The first requires sharing of control and state estimate information
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between players after any one of them executes a control action.
The second only requires that control information be exchanged and
is thought to represent the minimum information exchange neces-
sary for an affine control solution. Both algorithms are reviewed in
Sec. II following a summary of the more familiar centralized control
algorithm.

The information patterns considered here are partially nested
cases consistent with dynamic programming. Information patterns
other than such partially nested cases lead to optimization problems
that have not to this date been solved.!!

This approach of minimizing a performance index for which an
affine control solution is optimal differs from guidance rules em-
ployed in the consensus seeking literature. For example, Ren and
Beard'? construct a paradigm in which each node communicates
only with its two nearest neighbors. To meet its control objectives,
Ren and Beard asymptotically reduce the error in the synchroniza-
tion of the coordination vectors among the nodes, along with a local
tracking error based only on local information. The information
exchange scheme of this approach differs from the fully connected
communication topology discussed in this paper. The approach dis-
cussed in Ref. 12 and other such architectures, which reduce the
interconnection between the vehicles relative to the paradigms pre-
sented in this paper, admit only adhoc decentralized controllers. Op-
timal control solutions such as those described in this paper can be
used as a baseline for comparison of any such adhoc decentralized
controllers.

A second contribution of this paper involves the application of
these decentralized control algorithms to a satellite formation main-
tenance problem and their subsequent performance evaluation. De-
tails regarding the application to the satellite formation control prob-
lem are addressed in Sec. III. Performance data, observations, and
conclusions are contained in Secs. IV and V.

II. Review of Control Algorithms

In this section, we review the control algorithms that are the sub-
ject of this paper. First, a problem statement is given and notational
conventions are introduced. This is followed by a review of the
centralized control algorithm. This algorithm assumes that the con-
troller has access to all measurement data, and will be used as a base-
line for comparison of the performance of the decentralized control
algorithms. Following the review of the centralized algorithm are
descriptions of the decentralized algorithms and their information
exchange requirements.

A. Problem Statement

Consider a dynamic, discrete-time, linear, time-varying, stochas-
tic, /-player LQG team problem, with the following dynamics:

X1 = Ax; + B, + wy, u, =0Vt #m (D

where t € [0, 1, ..., T] is the time index, the state of the system
at time ¢ is represented by the n vector x,, A, and B, are known
by all players, w, ~ N (0, W,), and xo ~ N (X9, My). The players are
permitted to engage controls only at specified time steps, in accor-
dance with a predetermined control schedule. Time steps in which
at least one player exerts a control are designated with subscripts t;,
where i =1,2,3.... In general, there may be multiple time steps
of inactivity between control steps at 7; and t; ;. ;, which will be de-
noted with the subscripts 7;, t; + 1, t; + 2, . . ., T; + 1. Moreover, the
number of players that are permitted to control at each control step
7; may vary and will be designated r (;). Therefore, u,, in Eq. (1)
is a vector containing all controls at a given control step,

T T (e T
u{l = Luil u% cooow@ J )

Ti

Each ui, eR in Eq. (2) is the control executed by the jth player.
The control coefficient matrix at 7; in Eq. (1) is, therefore, given by

B,,=LBT1’_ B} .- B;fff)J (3)

At each time step, each player obtains the following measure-
ments:

vl =Clx,+v/,  Vjel 4)

where y/ € % and v/ ~ N (0, V,/).
The following shared performance index is to be minimized:

T k
J = fo 0.x + Z u! Ryu, 5)
t=0

i=1

where k is the number of steps at which controls are executed and
0, >0 and R, > 0 are appropriately chosen weighting matrices.

The problem is to minimize the cost function in Eq. (5) subject to
dynamics and initial conditions in Eq. (1) with local measurements
in Eq. (4) taken at every time step ¢ and controls restricted to times
Ti.

B. Centralized LQG Controller

Consider a system with linear dynamics and initial conditions
identified in Eq. (1), local measurements as given in Eq. (4), and
performance criterion in Eq. (5). The optimal centralized control for
each player is a function of the measurement data and past controls
from all players,

ui/ = uii (ITI) ©)
Specifically, the optimal control is a function of current information,
I, = {%0. Mo, Yo v, } o)

The measurement history in Eq. (7) includes data from all players,
I

v, = Jv @®)
j=1

with Y,{ being the complete measurement history for the jth player,
up until the current measurement,

vi={y.yl.v.....vl} )
The set of past controls y,, | is given by

VT,T-,, 2[”11”22“'”271] (10)
with u, ,u,,, ..., u; _, representing all of the controls enacted at

each control step up to 7; _ 1, as defined in Eq. (2).
The general solution to this LQG problem is given in Ref. 13 as

w =A%, (1)

where X, is the best a posteriori state estimate given all of the
information up to time t;,

£, = E[x, |1, ] 12)

This state estimate is propagated by a discrete-time Kalman filter.
The control gains are

. . . U
Al =—[Ri +BI'S, 1Bl] Bl S,i1A, (13)

Ti

whereB{; is defined as in Eq. (3) and S, is propagated backward by
the Riccati equation,

S,:A,TS,+1A,+Q, (]43)
fort #1;, or
&) T . T . .
So = ALS, 1Ay — Y AL (R +B] S, 1 BL)AL + O,
j=1
‘ (14b)
for t = t;, with the boundary condition Sy = Q7. Rii in Egs. (13)

and (14b) is the weighting placed on a control executed by player j
at control step 7; in the performance criterion of Eq. (5).
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C. Control and State Estimate Sharing Algorithm

Here we revisit the control and state estimate-sharing algorithm
originally described by Belanger et al.'* This paradigm requires that
the individual players exchange their state estimates and control
vectors after any one of them activates a control. This information
must be exchanged before the next control action of any one of the
players. For a thorough derivation, see Ananyev."

Again, the problem is to minimize the cost function in Eq. (5)
subject to dynamics and initial conditions in Eq. (1) with local mea-
surements in Eq. (4) taken at every time step ¢ and controls restricted
to times t; as governed by a preset control schedule.

1. Dynamic Programming Solution
Consider the dynamic programming solution for this problem,
where the optimal return function is given as

i (1) = min [

y’i+l

] 15)

The expectation is conditioned on shared information up until the
control step at t;,

I = {%. Mo, Yy, v, } (16)

where Y-, is the combined measurement histories of all players up
to 7;, as defined in Eq. (8), and y;, are all of the past controls up
to 7;, defined as in Eq. (10). The minimization in Eq. (15) is with
respect to yz*, |, the set of all remaining controls up until the final
control at step 7,

Vet =gty ) (17)
The performance index J in Eq. (15) is defined in Eq. (5).

The dynamic programming recursion rule at control step t; is

*k ! — . T
Jy (Ifi—l) - mmE[{xr,;1+leif| +1Xg _+1
Uz

T T
+x1’,_]+2QTi—l+2xTi—l+2 + - +xr,QTixf,

+u:,-RTzuTi +j:+1(11/i)} 11//71] (18)

The minimization is over the control set u,, of all players allowed
to participate at control step t;, as defined in Eq. (2).

2. Redefinition of the State Vector

The approach to finding the optimal control solution for Eq. (18)
involves the introduction of an extended state vector, which we refer
to as the state of the world. Redefinition of Eq. (18) in terms of this
extended state vector will yield a static team problem similar to that
addressed by Radner.’ To this end, let us define the state of the world
to be the following:

nz;’hi—l :l_xTT571+1 wTT,‘71+1 wl]';—l+2 wg—lJ (19)
where 1, € %" ~%-1) includes the shared state of the system
just after the control action at 7; _; and subsequent process noise up
until just before the next control at 7,.

The dynamics of Eq. (1) can be redefined in terms of this state of
the world as follows:

Ny ilw = ‘br,-m,l??r,\r,.,, + Wy 4|z + Friur; (20)

with initial condition:

T T T T
Mo = |_)‘0 Wy e wt]—IJ (21
where u,, is composed of all controls activated at time 7; as defined
inEq. (2) and w, , |, € X" +1 77 is composed of stacked process
noise vectors,

T
T4 1lT

T

:Lw;Fi Wovr WZ;H*IJ 22)

The local measurements over the interval between control actua-
tions are governed by

Yrjilrlfl :HTJI‘T[—lnT/"T:—l +911i\f:71 (23)

Y] eR?im-0 is composed of stacked local measurements

going from time index t; _; + 1 to 7;, as shown in Eq. (24):

T T T T
Yo =i vl e ] 24)

H’
Tilti—1
q’(ti =7 1) by n(t; — 7, ;). Here 0] _
measurement noise vectors.
The dynamic programming recursion rule in Eq. (18) can then be

redefined in terms of the state of the world in Eq. (19). This yields

is an enlarged measurement geometry matrix of dimension

_, is composed of stacked

5k ’ _ . T
Jz (Ir,-,l) = riunE[{nri\r,-,lQT{|Ti—lnTi|Ti—l
T

+ul Ryug + 5 UDHIL ] (25)

where IT’, . is defined as in Eq. (16) and Q,;, _, is an n(t; — 7, _1)
by n(t; — 7; _ 1) matrix that contains the individual state weightings
in Eq. (18).

The optimal return function I o ([r/,) in Eq. (25) takes the form

j:;+| ([f/z') = E[T]Z;+l|fier+] i g1l Ilf/x]
+ control-independent terms (26)
with L, determined by a backward recursion to be discussed later

in this section. [See Eq. (36).]

After substituting the dynamics of Eq. (20) into Eq. (26), placing
the result into Eq. (25), and doing some algebraic manipulation,
one finds that the optimal cost to go at each control step 7; takes the
following form:

]r*, (Ir/,-,l) = minE[{”gUTiufi + zugsft\fi—lnfi\fi—l

Uz

-+ control-independent terms} I, 1] 27
Equation (27), with state of the world 7), represents a static team
problem similar to that addressed by Radner.’ The expressions for
U, and S|, , are given by

U, =Ry +T, L T (28)
Seln_ = FZ;Lfi+lq)Ti\Ti—] (29

where R, is the weighting on the control defined in Eq. (25), @, _,
multiplies the state of the world in Eq. (20), and I'; is the control
coefficient matrix in Eq. (20).

3. Optimal Control Solution
Application of Radner’s result yields the following optimal con-
trol law, where a total of r (7;) members execute controls:

w' =Ky +Glijg,_, Vjiel.r@m] (30)
where ij,:h,.f is defined as in Eq. (24) and 7y, _, = E[n,,, _,|

I 1. The optimal control for each member is a linear function of
local measurements going back to the last control action executed
by any member and the expectation of the shared state of the world
defined in Eq. (19). The measurement gains K. are the unique
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solutions of the following linear matrix equations:
e .
J o/

U’I’K’ (Hr,lr My (HL o+ Omr’_il)

(%)

E: ij i pyi i
+ UTi KTiHTi\Ti—]Mri‘ri le,\T, 1

itji=1

= -5/

TilTi—1

Vjellr(m] €2Y)

Solutions for K ,’I are substituted into the following equation to find
the state of the world gains G7,:

T
J
M’-'i‘fi—lH

|t -1

In summary, the optimal control law is found by solving a static
team problem that occurs at each control step 7; of the dynamic
programming process. The static team problem is defined in terms
of the state of the world shown in Eq. (19). The form of the op-
timal control shown in Eq. (30) is linear in the local measure-
ments taken since the last information exchange and the last shared
state estimate. This, of course, requires that the players remember
all measurement information that has been collected since the last
communication.

The control schedule for this dynamic team problem is allowed
to be most irregular: Any individual player may execute a control
action at any time step, or be passive for as long as it has to. However,

1 T T | ]
G! (ZU /K Hrjlr J’_Slm 1>[[ _MT’.lf"*leli‘fl—l(H'flihi—]MT"‘r’*lelx‘Ti—] +®li\f:—l) Hfli”ifl]
K j#1
G2 _ 2j 2 o7 2 2T 2 LT
. ’ = _Ufil <Z U /K, T'\fz 1 + S Tt~y [I - MT"‘TI IHTIIf: I(Hrl‘riferilti lez\Tl 1 +0 TilT 71) HTA‘TI—]] (32)
: J#2
(%) r(z ) r@)T () r(@)! r (1) Uor@)
Gr’ ( Z U . )]Kj Hfj:lfl 1 + ST‘ \IT: 1) [1 - Mrilri*IHfi‘ii—l (Hfi|ii—]Mri‘ri*| Hfr \TT: 1 + ®fz\rf, 1) H1i|ii—l]
J#r () B

Equations (31) and (32) are derived from the results of Radner,’
Ho and Chu,® and Sandell and Athans® as adapted to the multistep
delayed case. The a priori variances M-, _, in Egs. (31) and (32),
are defined by

My, = E[{rlfim—l

- ﬁfi‘fx—l}{r]f[‘fi—l - f}fi‘fi—] }T

I,_,] 33

@i . in Eqs (31) and (32) i 1s a q/ (ti—1_1) by ¢/ (tj — r,,l)
matrix with O =F [GT o9 |T 1. Finally, Uy, and S,
expanded as
1r(7;)
Uflil UT112 U UT’ k
U2I U22 . Uzl'(fi)
e ) (34)
gt ez @
T 17 2T r ()"
Sri\fi—l I:Sﬂlf/ 1 STI -1 7 Sfi\fi— 1] (35)

Note that 77,,,, , in Eq. (30) is constructed using locally main-
tained state estimates that would have been exchanged since the last
control step at time 7; _ ;. A low-power scheme for propagation and
exchange of local state estimates, such as that described by Wolfe
and Speyer,' may be used for this purpose.

The matrix L in Egs. (26), (28), and (29) is propagated backward
as follows:

Lr[ = Z[GZ; (Ur, Kr, Hr[lr,»,l + Sr,\r,-,] + %U'{,-Gr,)

Vg T T T
+ iHmr,-,le,va, Kfinzlfi—l + Hrl\r/,leiSTHTi—l

+q>r|r, 1Lft+lq)filfz>1 +in‘fi—] (36)

where Q. , is the state of the world weighting referenced in
Eq. (25) and

1 1
Kfi 0 0 HTi|Ti—l
2 2
0 Kfi a 0 |t~ 1
Kr,- = . . . . s Hfilfi—l =
(%) (%)
0 0 - Ky He

&)

Equation (36) has the terminal condition Ly = Q7 , where 7; is
the last control step before the terminal time 7.

the dynamic programming solution process requires that the control
schedule be known in advance by all players for the duration of their
cooperation.

D. Control (only)-Sharing Algorithm

We now examine a decentralized control algorithm that assumes
only control information is shared between players. This paradigm
requires that an individual player broadcast its control vector when
it activates that control. This transmission must occur before the
next control action of any one of the players. The result is reduced
information exchange but a higher expected cost when compared to
the control and state estimate-sharing algorithm earlier. Note that
the control-sharing paradigm represents what is thought to be the
minimum information exchange necessary for an affine control law.
For a thorough derivation of this algorithm, see Ananyev.'>

Again, the problem is to minimize the cost function in Eq. (5)
subject to dynamics and initial conditions in Eq. (1) with local mea-
surements in Eq. (4) taken at every time step ¢ and controls restricted
to times t; as governed by a preset control schedule.

1. Dynamic Programming Solution

Consider the dynamic programming solution for this problem,
where the optimal return function is given as

wq—mmEpuq (38)

yfr+1

Jf:+1

The expectation is conditioned on the shared information
I} = {%. Mo. v, } (39)

Because only controls are shared in this algorithm, the shared in-
formation in Eq. (39) differs from its counterpart in Eq. (16). In
Eq. (39) y;, are all of the past controls, defined as in Eq. (10). The
minimization in Eq. (38) is with respect to ¥z, ,, which are all of
the remaining controls up until the final control step t; as given in
Eq. (17). The performance index J in Eq. (38) is defined in Eq. (5).
The dynamic programming recursion rule at control step t; is

jT,(I// )_IinnEI:{ Z X,TQ,X,

t=t_1+1

+up Ry, +J'§+1(1§,7)}|1{,' 1} (40)
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2. Redefinition of the State Vector

Once again, finding the optimal control solution for Eq. (40) in-
volves the introduction of an extended state vector. Redefinition of
Eq. (40) in terms of this revised state of the world yields a static team
problem similar to that addressed by Radner.’ Suppose the state of
the world of Eq. (19) is modified to include terms going back to the
initial time, as follows:

nZI:Lxg wOT w]T wTT’_,J 41)

As defined in Eq. (41),n,, € %" * U includes the shared initial con-
dition and subsequent process noise up until just before the control
at 7;. Note that, if defined this way, the size of the state of the world
increases as one progresses forward in time. The dynamic program-
ming recursion rule of Eq. (40) can be rewritten in terms of the state
of the world as follows:

Jeay ) =min E[{ng Qe + ug Reug +2v Sons

1]

= minE[{nZ’_Lq e +2ul St +ul Uguy,

uz

+y§*]RITiyfi—l + j;+1(1;r/)}

2 Uy y +2vg Sine vy Usye U] 42)

The minimization is over the control set ., of all players allowed to
participate at control step t;, as defined in Eq. (2). The weightings
in Eq. (42) are given by

Ly=0Qy+Ly [lin-(m+D.1:n-(5+1D]

Sy =8+ 8, [1:size(yy_,). 1:n- (m+1)]
U, =R, + Uy, [1:size(ys,_,). 1 :size(y,_,)]
U, =Ry, + Uy, [size(us,). size(us,)]

ro=8q, [size(ur), 1in- (m+1D)]
U, = 4[U.,, [size(us,). 1 : size(yy,_,)]

+U§+][l : size(y,,fl),size(u,,)]] 43)

The parenthetical expressions in Eqgs. (43) represent the partitions
of the corresponding matrices to be used in the calculation. For
example, in the construction of L, the elements in L, , contain-
ing information corresponding to the first 7; time steps are used.
This is a square matrix with n(t; + 1) elements on a side, n being
the dimension of the state vector in Eq. (1). In other cases, matrix

1 <.i#|

G, = ' =_y! j#2

L\ j#r@)

partitions containing information corresponding to all of the past
controls up to control step 7; _; are used; yet others use informa-
tion corresponding only to the current control at step t;. Thus, the

> UYKIH] 45!

> UYK]H] +S?

r@i g gl /(1)
(E UK H] + 8!

) [1 — Mo H (H;“”Mz,» I

quantities in Egs. (43) shrink in size as one propagates backward
to reflect the shrinking state of the world as defined in Eq. (41) and
decreasing number of past controls as defined in Eq. (10).

The optimal return function, Ja (I;If) in Eq. (42) can be ex-
pressed in the form

Ji,(I) = min E[{”rTf+1I:fx+1”fi+l

Ui 41
+y507i+1yfx' +2er§ft+lnTi+]}|];;] (44)
where L., , U, ,,and S, , are governed by backward propaga-

tions to be specified later in this section [Egs. (55-57)].

Because the past controls are assumed to be transmitted noise-
lessly and are, therefore, perfectly known, they can be treated as
constants. The information structure for each player can then be
expressed as follows:

Y =Hln, +6] + Ry, (45)

Y] e ®9'@+D in Eq. (45) is composed of stacked local measure-
ments going from the initial time forward to time ;, as follows:

T T iT T
vi=le v o (46)

H., is an enlarged measurement geometry matrix having ¢/ (t; + 1)
rows and n(t; + 1) columns. In Eq. (45), 63 is composed of stacked
measurement noise vectors. Finally, R/, defines the impact of the
past control set y;, , [Eq. (10)] on Y,f..

3. Optimal Control Solution

Application of Radner’s result’ to the static team problem defined
by Eq. (42) yields an optimal control of the form

wl =K!Y]+Gin, +bly, ,  Vjell,r@m)] @7

with Y, and y,,_, defined in Egs. (46) and (10), respectively, and
1., = Eny;1X0, Mo]. The optimal control in the control (only) shar-
ing algorithm is a linear function of local measurements going back
to the initial time, the expectation of the shared state of the world
defined in Eq. (41), and all of the earlier controls. The measurement
gains K, are the unique solutions of the following linear matrix
equations:

r(7)
UZK! (HIM H +©1)+ Z UYK! HI M H!
i#ji=1
1 iT\, -
= —SUMH]'Vj €1, r(1)] (48)

Solutions for K ,’, are substituted to find the state of the world gains
Gy

Ti

—1
)[1 ~MH (H;M,,.H;f + @;) H']
—1
) [1 — M H (Hfi M HY + (—)3{) HZ]

Ti

(49)

)T

-1
2 (Ti) (i)
+or) H

Note that Egs. (48) and (49) have exactly the same form as their
counterparts in Egs. (31) and (32); the change in time indices reflects
the redefinition of the state of the world 77 to include elements going
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back to the initial time. Finally, the gain on the past controls, b{;, with
can be found from .
K, 0 0
i,_ 0 Kfi . 0
1 Ko=| . " . (58)
N ~ : : . :
: =-U, (UT’_ Df,Rr,-) (50) 0 0 K@)
b
H = {le H H{.“f"j (59)
where ' ' '
(sz,fK:;. H] + Séi)Mn HY (HEMHY 4 ©)) 7 UK - UK
J#1
~U2K] <Z UYK]HI + s’?) M HY (H2M HY +©2) o —y2 @K
D, = j#2 (51)
—UZ(Ti)lKr'i _ U;-I_(mzKrzi ( Z U;(”)IKT’;HT‘{ + SQ;“”)M,,H{/_(’I’T (H;;_“")M,,. H;;WT + @;’«,»))—‘
L ) _

Equations. (48-51) are derived from the results of Radner,’ Ho and
Chu,? and Sandell and Athans’ as adapted to the multistep delayed
case. Uy, Ur/,- , and S; in Egs. (48-51) are defined in Egs. (43). Par-
titions of Uy, , S;,_ ,and R, are referenced according to the following
scheme:

11 12 1r ()
fo Ur,- e Ur,-
2r(t;)
UZI U22 . Ur- i
Uri — T T i (52)
Uf'(rz)l Ur'(ri)2 Ur(rz)r(fi)
Ti T Ti
1 1
s:! R!
72 2
’ STI D RT"
s.=| "], R.=| " (53)
S;"(Ti) Rr(t,-)
i T

with Iéi} defined in Eq. (45). H,’, in Egs. (48-51) is defined as in
Eq. (45). ©7, = E[61,67, ] with 8}, also defined as in Eq. (45). M.,
is given by

Mr, = E[{nr, - ﬁ'ri}{nf, - ﬁfi}T|M0] (39

As mentioned earlier, the matrices L, U, and S in the optimal
return function [Eq. (44)] are governed by backward propagations.
These propagations are defined as follows:

L, =2G! (UK H, +5, +1U,G)+ L,
+2H! K]S, + HI KU K H, (55)
U, =2RL(}DIU.'D, + KI'D, + 1KTU, K.)R,,
—UjUL'UL + Uy (56)
S, =R(KI +DIU ") (UK H,, + S, +U,G,)

-ulu's. + 8! (57)

R, D, and G, in Egs. (55-57) are defined in Egs. (53), (51), and
(49), respectively. All other quantities are defined in Eqs. (43). The
initial conditions for these backward propagations are derived from
the expression

T
= st oy |
T+ 1

= E[{nfLrnr + v Urye +2v] Sror |1 ] (60)

where T is the final time, 7; is the last control step, and y;, is the set
of all controls from initial to final time, defined as in Eq. (10). L, U,
and S shrink as they are propagated backward to accommodate the
shrinking size of the state of the world 7, and shrinking number of
past controls, y, .

4. Augmented Control-Sharing Algorithm

Because the control (only) sharing algorithm severely limits co-
ordination between cluster members, its application to the satellite
formation control problem was considered to be impractical. Be-
cause state estimates are not exchanged between cluster members,
each member must use shared control values to extrapolate the po-
sition of the other members using linear dynamic models. Applica-
tion of such an algorithm in a nonlinear environment would leads to
degraded performance. Moreover, this algorithm poses a large com-
putational and storage burden because the number of calculations
involved is a function of the size of the state of the world.

For the purposes of the performance testing described in Sec. IV,
a modified version of the control-sharing algorithm is employed,
where state estimates are exchanged in between control-sharing
sessions. Information exchange is still less than the control and
state estimate-sharing algorithm, and the size of the control-sharing
sessions can be set as required by the satellite cluster mission. A
distributed linear estimator, such as that described by Wolfe and
Speyer,'¢ can be used to generate the shared global state estimates
that are used to form the initial conditions for each control-sharing
session.

ITII. Application to Satellite Cluster Problem

We discuss the application of the preceding control algorithms
to a satellite cluster problem. Whereas the control algorithms de-
scribed in the preceding section can be applied to any number of
cooperating satellites, a scenario involving the control of a cluster of
three satellites moving around an elliptic reference orbit was chosen
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as a representative satellite cluster problem. The following section
details the setup of the problem.

A. Frenet Frame State Transition Matrix

For reasons that will become evident, it is desirable to have satel-
lite dynamics expressed in terms of coordinate axes that are tan-
gential and perpendicular to the reference orbital path. We refer to
this as the Frenet frame because the axes correspond to the Frenet
coordinate system (see Ref. 17). The origin of the Frenet frame is
a point on the reference orbital path (hereafter called the reference
point) that moves as if it were a satellite. The y axis of the Frenet
frame is aligned with the velocity vector of the reference point. The
x axis is normal to the reference orbit at the reference point. The z
axis is out of plane.

Carter'® gives a state transition matrix for relative motion lin-
earized about an elliptic orbit. His result is given in terms of true
anomaly v and assumes a different coordinate frame. Moreover, his
dynamics are scaled by «/w, where @ =dv/d¢. Because unscaled
time-based Frenet frame dynamics are desired, a similarity trans-
form of the following form is necessary:

T g1, v) =P )T 41, v)P ™ () (61)

T (v, +1, v) in Eq. (61) represents Carter’s transition matrix of rela-
tive motion linearized about an elliptic orbit, defined based on true
anomalies attime z and t + 1. P (v, ;) and P! (v,) contain transfor-
mations given by Carter to perform the 1/,/w scaling and adjust to
time-based dynamics. They also contain rotations to the desired
Frenet frame. T (v, 4, v;) is the resultant Frenet frame transition
matrix.

B. State-Space Model of the Satellite Cluster

The discrete-time state vector for the cluster combines the Frenet
frame state vectors for the cluster members.

xl = |_ng xtzT x?TJ (62)

The superscripts 1, 2, and 3 refer to the cluster member satellites.
The Frenet frame state vector for each satellite is
x =[x Wy oy 2 (63)
The superscript j refers to the satellite number in the cluster and
t refers to the time index. Thus, the state vector for the cluster is
composed of the Frenet frame positions and velocities of each of
the cluster members.

The full control vector consists of the control vectors for the three
satellites.

u,T = Lu}r u,zT ufTJ (64)
where
T ) ) )
u = [”,jxr ui?t ”;r] (65)

If the control thrusts are modeled as instantaneous changes in ve-
locity, the control coefficient matrix simply consists of the velocity
columns of the state transition matrix.

The cluster dynamic equation is then

T' (v, vr) 0 0
X+1=|0 fz(vt+la V) 0 X
0 0 T (W1, v) |
B'(vis1,vr) 0 0o
+10 éz("r+|, V) 0 u;
0 0 B (1. v) |
= Arxz + B_zuz (66)

where
T W1, v) =T W51, 0) = T (041, 1) (67)

gl(Vt+lsVz)=B_2(Vt+ler)= é3(v,+1,v,) (68)

C. Model for Local Measurements

Itis assumed that each satellite in the formation is able to measure
directly its own Frenet frame state. Therefore, the measurement
model for each satellite consists of its local state vector plus additive
Gaussian noise,

yl = Iex] +v] (69)

where v/ is arandom vector with statistics v; ~ N (0, v/ ) This mea-
surement model does not allow a satellite to obtain measurements
about another satellite’s state. However, the satellite cluster simula-
tion has been implemented assuming that shared relative measure-
ments are available to all satellites at predetermined times. Details
of this implementation are discussed in Sec. I'V.

D. Cost Function

There are three simultaneous considerations that govern the con-
trol laws:

1) The cluster members should be in a specified relative geometry
when the reference point reaches a certain value of true anomaly,
vs. This requirement is inspired by the performance of many current
Earth science missions, in which much of the science is done on only
a small portion of the orbit.

2) When the reference point is at vy, the cluster members should
be positioned such that their centroid lies on the reference orbit (but
is not necessarily constrained to be at the reference point). This
means that the Frenet x and z components of the centroid location
should be minimized, but y will be free.

3) Weight the control effort over the entire mission.

Based on the preceding criteria, the specific cost function to be
used in the satellite cluster problem is expressed in terms of the per-
turbations of the Frenet frame state from preset nominal trajectories
atvy, Ax(vy), as well as control effort at times 7;, u,,

J = AT WL (Wp) + Que(vy) + Qu(vy)

k
+1e]AZ(vy) + Zuf’_Rnun (70)

i=1

The nominal trajectory for each satellite is an unpowered
Keplerian trajectory that would ideally satisfy the performance cri-
teria. Q. and Q.. in Eq. (70) are the weightings on perturbations of
the x and z components of the cluster centroid from their nominal
locations at v;. The weighting on relative distances between cluster
members, Q,, consists of the following components:

Q4 =¥"q,¥ (71)

where W is the Jacobian resulting from the linearization of the ex-
pressions for relative distance between each of the cluster members
about the nominal trajectory at vs. In Eq. (71), g4 contains weight-
ings for each of the relative distance components. Note that the
weightings on the centroid and relative distance criteria are only
enforced at vy.

The final term in Eq. (70) is a weighting on aggregate control
effort throughout the simulation, with u., representing all controls
activated at control step 7; as defined in Eq. (2) and k being the total
number of control steps.

Note that the /¢ term is the identity matrix multiplied by a
small positive number and is added to preserve the positive definite-
ness properties of the control Riccati matrices defined in Eqgs. (14),
(36), and (55-57). Without this weighting, such positive definite-
ness properties may be affected by numerical instabilities in the
backward propagations; a small value of £ =107% as used for the
simulations discussed in this paper. Note that an ¢ a couple orders
of magnitude smaller was found to result in drastically degraded
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performance, whereas larger ¢ were found to lead to only slightly
improved performance.

IV. Simulation Setup and Results

In this section, the control algorithms presented in Sec. II are
performance tested in a nonlinear motion simulation of a cluster of
three satellites. Performance of the decentralized algorithms is com-
pared to that of the centralized LQG controller having access to the
current measurements of all satellites. The controllers to be exam-
ined are based on the linear dynamics described in Sec. III and treat
unmodeled dynamics as zero mean Gaussian random disturbances.
However, the satellite cluster simulation provides a nonlinear dy-
namic environment including disturbing J, effects.

A. Performance Criteria

In the simulations to be discussed, the satellite cluster is propa-
gated around one full orbit, starting at perigee. It is desired that the
cluster be in a predetermined formation on return to perigee. This
formation requirement is balanced against a simultaneous weighting
on control effort.

The predetermined formation is based on centroid and relative
distance criteria as discussed in the preceding section. Specifically,
in the desired formation, the satellites are to be in a straight line, with
the outer satellites each being 141.421 m from the middle satellite.

Table 1 shows the relative weightings used in penalizing the com-
ponents of the cost function in Eq. (70). Fuel usage is weighted
heavily due to the premium placed on fuel in space missions. The
other weightings were found to yield good performance through
some trial and error. A relatively small centroid weighting was suf-
ficient because the centroid position is just a linear combination
of the positions of the cluster members. As such, it is relatively
easy for the controller to position the cluster centroid appropriately.
However, because relative distances are linearized in the cost func-
tion, it is necessary to weight them heavily to avoid invalidating that
linearization.

Finally, note that velocities are not considered in the evaluation
of cluster performance.

B. Control Schedule

All three control algorithms to be considered, the control and state
estimate-sharing algorithm, the control-only-sharing algorithm, and
the centralized algorithm, will adhere to the same control schedule
in these simulations. This control schedule calls for the reference
orbit to be split into 40 steps of equal true anomaly. Measurements
will be taken at each of these steps. Controls will be activated by all
cluster members simultaneously at every other step. This allows for
41 measurements (including the measurements at the initial time)
and 20 control steps over the course of the orbit. As was mentioned
earlier, only one orbit will be simulated for the purposes of this
performance evaluation.

C. Initial State Uncertainty

When the simulation starts at perigee, the initial Frenet frame state
of the cluster is set by adding position and velocity perturbations
to what would be the ideal satellite positions. These initial per-
turbations are modeled as Gaussian random vectors. The standard
deviations of the perturbations are 50 m for Frenet frame positions
and 1 mm/s for velocities.

D. Measurement Uncertainty

The satellite cluster simulation is implemented using local ab-
solute Frenet frame measurements as well as shared relative posi-
tion measurements. Models used for local absolute measurements

Table 1 Cost function weightings

Cost criteria Weighting
Centroid position 0.1
Relative distances 1

Fuel usage 1

taken at every true anomaly step are of the linear form shown in
Eq. (69), where the uncertainties are Gaussian random vectors. Ab-
solute measurement uncertainties are zero mean with standard de-
viations of 1 m for position measurements and 4 cm/s for veloc-
ity measurements. In addition to exchanging local absolute state
estimate information, the cluster satellites exchange relative posi-
tion measurements. These relative measurements are assumed to be
read as vector quantities defined in terms of the Frenet coordinate
system. They are indexed at the same time as the exchanged local
absolute state estimates and are used to enhance the global state esti-
mate derived from blending the exchanged state estimates together.
These relative position measurements are modeled with an addi-
tive Gaussian uncertainty that is zero mean with standard deviation
of 2 cm. The uncertainties used here for both absolute and rela-
tive measurements are based on uncertainties associated with code
and carrier-phase global positioning system (GPS) measurements
as determined from past experimental results.'>2° The experiments
described in Refs. 19 and 20 were conducted using a GPS simulator
and a car test. Carrier-phase and code measurements were double
differenced. Double differencing was used to eliminate biases and
clock differences, whereas single differencing eliminates common
errors such as ephemeris errors. These experiments used an Ashtech
712 two-channel receiver, where the integers were resolved using
widelane techniques. After resolving the integers, a least-squares
routine was applied to the carrier-phase measurements to produce
the relative position estimates. These position estimates and the as-
sociated error variances are used in a loosely coupled manner as
the noisy relative GPS position measurements for our controller.
When the geometry of the orbits involved is considered modeling
these uncertainties as being the same for all cluster members and
constant throughout the orbit can be regarded as a decent first-order
approximation for the purposes of the satellite cluster simulations.

The shared relative position measurements are used to update a
shared global state estimate that is formed as a result of the exchange
of absolute Frenet frame state estimates between cluster members.
A distributed linear estimator, such as that described by Wolfe and
Speyer,'¢ can be used to combine local compressed data vectors
that are shared at desired times. As a result of this combination,
each cluster member has the same global state estimate. The timing
of the exchange of absolute and relative Frenet frame information
occurs at times specified by the decentralized control algorithms,
as described in Sec. II. The error covariances associated with both
absolute and relative measurements are assumed to be known by
all cluster members and are factored into the propagation of local
conditional mean estimates.

It has been shown that the use of GPS measurements does not
always provide for accurate estimation of the orbit semimajor axis
or orbital energy.?!?? In Refs. 23 and 24 it is shown, that the Kalman
filter using a loosely coupled GPS estimator does not have a strong
negative correlation between position and velocity errors. It is an-
ticipated that the filters employed in this demonstration of these de-
centralized control algorithms will suffer as well, which can impact
performance. However, the fact that the controller for each cluster
member incorporates a local measurement sequence in a batched
form may alleviate this difficulty.

The remainder of this section involves comparison of the control
algorithms by running simulations over three different reference
orbits. Note that the reference orbits include J,. This was done so
that the controllers do not have to fight bulk J, disturbances to meet
the formation centroid criteria at the end of the orbit. Description of
the first reference orbit follows.

E. First Reference Orbit

The first simulation is for a roughly equatorial (inclination
~1 deg) reference orbit with low eccentricity (e ~0.1). The char-
acteristics of this reference orbit are shown in Table 2.

Table 3 shows errors in meeting objectives for performance crite-
ria of interest, averaged over 1000 Monte Carlo runs. Included are
average errors in the centroid and relative distance criteria that were
discussed earlier in this section. The average cost is a calculation
based on Eq. (70) with the weightings as given in Table 1. Average



142

Table 2 First reference orbit characteristics

Parameter Value
Eccentricity ~0.1
Radius at perigee 6800 km
Radius at apogee 8400 km
Inclination 1 deg
Right ascension of the 270 deg
ascending node

Argument of perigee 90 deg
Period ~6594 s

Table 3 Errors in meeting performance criteria, first reference orbit

BELANGER ET AL.

total fuel usage per satellite for the duration of the simulation is also
given.

F. Second Reference Orbit

The second reference orbit simulated has greater eccentricity than
the first (e ~ 0.32). The characteristics of the second reference orbit
are shown in Table 4. Sets of results, averaged over 1000 Monte
Carlo runs, are shown in Tables 5 and 6 for two different inclinations:
Table 5 for a roughly equatorial orbit (inclination ~0.1 deg) and
Table 6 for an inclination of 30 deg.

G. Observations
The relative performance of the control algorithms as shown in

Controland  Augmented Tables 3, 5, and 6 generally support our expectations. The centralized

Cost . state estimate control algorithm tends to exhibit the best performance because it assumes
parameter Centralized sharing sharing full access to all satellites’ absolute and relative measurements
Frenet x centroid error, m 0.348 0.368 0.500
Frenet z centroid error, m 0.290 0.308 0.386 . .
Relative distance error, 0.083 0.281 1.625 Table 4 Second reference orbit characteristics

satellites 1 and 2, m Parameter Value
Relative distance error, 0.132 0.306 1.967

satellites 1 and 3, m Eccentricity ~0.32
Relative distance error, 0.130 0.303 1.286 Radius at perigee 6900 km

satellites 2 and 3, m Radius at apogee 13400 km
Fuel usage satellite 1, m/s 0.207 0.216 0.222 Right ascension of the 270 deg
Fuel usage satellite 2, m/s 0.206 0.214 0.209 ascending node
Fuel usage satellite 3, m/s 0.206 0.215 0.211 Argument of perigee 90 deg
Average cost 0.137 0.475 13.019 Period ~10177 s
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at every true anomaly step. The control and state estimate-sharing
algorithm provides intermediate performance due to the exchange
of controls, state estimates, and relative measurements with ev-
ery control step. In the augmented control-sharing algorithm used
in these simulations, controls are always exchanged but absolute
state estimates and relative position measurements are only ex-
changed after every second control. Because this algorithm em-
ploys the least information exchange, it is no surprise that it ex-
hibits the worst performance. As a matter of fact, considering the
degraded performance of the augmented control-sharing algorithm,

Table 5 Errors in meeting performance criteria, second reference
orbit, inclination 0.1 deg
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one may conclude that the slightly reduced information exchange
may not be enough justification for its use in this particular appli-
cation. Access to current shared information is important in deter-
mining the crucial final control action. In the centralized algorithm,
this final control is a function of current shared information. Thus,
the controller can make a good decision about how to position the
satellites in the desired formation at the end of the orbit. However,
in the control and state estimate-sharing algorithm, the final con-
trol decisions are made based on shared data that is a couple of
true anomaly steps old. Because of this, nonlinear dynamics and J,

Table 6 Errors in meeting performance criteria, second reference
orbit, inclination 30 deg

Control and Augmented Control and Augmented
Cost state estimate control Cost state estimate control
parameter Centralized sharing sharing parameter Centralized sharing sharing
Frenet x centroid error, m 0.334 0.348 0.448 Frenet x centroid error, m 0.334 0.346 0.457
Frenet z centroid error, m 0.284 0.295 0.372 Frenet z centroid error, m 0.284 0.294 0.371
Relative distance error, 0.039 0.224 1.482 Relative distance error, 0.060 0.249 1.484
satellites 1 and 2, m satellites 1 and 2, m
Relative distance error, 0.072 0.242 1.793 Relative distance error, 0.085 0.256 1.798
satellites 1 and 3, m satellites 1 and 3, m
Relative distance error, 0.070 0.235 1.168 Relative distance error, 0.082 0.254 1.174
satellites, 2 and 3, m satellites 2 and 3, m
Fuel usage satellite 1, m/s 0.178 0.191 0.189 Fuel usage satellite 1, m/s 0.178 0.190 0.190
Fuel usage satellite 2, m/s 0.177 0.189 0.178 Fuel usage satellite 2, m/s 0.177 0.189 0.179
Fuel usage satellite 3, m/s 0.179 0.191 0.181 Fuel usage satellite 3, m/s 0.179 0.191 0.181
Average cost 0.065 0.301 10.866 Average cost 0.073 0.347 10.933
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effects that are not anticipated by the controller will have a greater
effect on the position of the formation at the end of the orbit. In
the augmented control-sharing case, the situation is even worse be-
cause the final control decision is based on shared information that
is four true anomaly steps out of date. Thus, the relevance of shared
information has an undeniable effect on the suitability of the final
control commands in assembling the formation and, therefore, the
overall performance of the control algorithm.

When the preceding observations are considered, it should be
noted that the results are expected to be highly dependent on the
control schedule used. In particular, it is expected that the differ-
ence between the algorithms’ performance would be minimized by
placing more control actions closer to the end of the orbit. If the
augmented control-sharing algorithm was modified to allow more
frequent information exchanges and control actuations toward the
end of the orbit, it is expected that its performance would be much
improved.

In all cases, cluster satellites come within a couple meters of
desired formation targets. However, performance generally seems
to be degraded when J, forces become more of a factor. This is
evidenced by comparison of the performance data in Table 3 to
those shown in Tables 5 and 6. Note the worse overall performance
shown in Table 3. The fact that the reference orbit corresponding
to Table 3 has lower altitude results in increased J, forces, which
explains this observation.

Fuel usage between control algorithms appears to be roughly
equal in every test case, with the centralized case exhibiting the
least fuel usage by a small margin.

Figure 1 shows the deviation of each satellite from its preestab-
lished nominal trajectory over the course of the simulation. The
perturbations appear to be periodic, indicating that they are the re-
sult of J, forces and other unmodeled dynamics.

Figure 2 shows a pattern of control actuation that is representative
of the behavior of the control algorithms studied. Again, note that
the pattern of control actuation appears to be largely periodic, with
large initial thrusts to counteract initial position offsets and spikes at
the final control step to place the cluster satellites in the desired po-
sitions. As Chichka et al.”> note, unmodeled dynamics are assumed
in the controller design to be zero mean Gaussian process noise.
However, in the satellite cluster motion simulation, dynamics not
accounted for in the controller derivation include J, and other un-
modeled higher-order effects. These effects tend to be cyclic rather
than random. This attempt to model periodic dynamics with a ran-
dom disturbance would explain the periodic behavior seen in the
perturbations and control actuations.

Note that the preceding simulations do not incorporate the oc-
currence of a communications fault in the process of information
sharing. In the event of such a fault, it is conceivable that a contin-
gency plan could be followed where each satellite’s control action
would be a function of the best data that it has available at the
time. It is expected that such an algorithm would provide degraded
performance relative to the no-fault case.

Because the decentralized guidance laws allow cluster members
to operate autonomously over significant intervals on the orbit, fault
detection algorithms can be independently employed by each satel-
lite. Although the formulation presented here does not include a
large set of satellite sensors and actuators, the results by Chen et al.2®
show that a fault can be detected and identified in at most a few sec-
onds. If such a fault detection scheme were to be implemented in the
context of the decentralized guidance laws discussed in this paper,
there would be time to identify and compensate for a faulty sensor
before a control action is required.

V. Summary

The satellite cluster concept is receiving increased attention, due
toits applicability in space missions involving interferometric obser-
vation and possible cost savings vs the use of one large and complex
satellite. This paper reviews two separate decentralized control al-
gorithms with an emphasis on minimizing information exchange be-
tween cluster members. Both control algorithms involve the solution
of a static team problem at each backward propagation of a dynamic

programming scheme. The static team solutions enable a multistep
delay between collection of local sensor data and exchange of these
data with other cluster members, a capability achieved through re-
definition of the state vector in the static team problem. The first
algorithm requires the exchange of control and state estimate infor-
mation between members whenever one or more of them executes
a control actuation. The second algorithm requires only that cluster
members broadcast their control values on execution of a control
action. This second algorithm is believed to represent the minimum
information exchange that will support an affine control law.

The control and state estimate-sharing algorithm, and an aug-
mented version of the control- (only-) sharing algorithm, where
periods of control only sharing are nested between state estimate
exchanges, were each evaluated in a satellite cluster simulation that
employs nonlinear dynamics and J, perturbations. Performance ob-
jectives required that the cluster assume a given formation after one
full orbit; a penalty function with simultaneous weightings refer-
enced to formation-keeping ability and control effort was used to
quantify performance. Generally speaking, the more information
exchange, the better the performance. The relevance of shared in-
formation appears to become an important factor near the end of the
orbit, where the cluster members attempt to assume the required for-
mation. Because performance is affected by J, and other unmodeled
dynamics, the robustness of the algorithms becomes increasingly
tested as simulations are run-over orbits with greater J, effects. As
is noted by Chichka et al.,> the effects of these unmodeled dynam-
ics may be reduced by the introduction of a rejection filter into the
control algorithms.
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